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Electromagnetic scattering on a sphere is one of the most fundamental problems, which has a closed
form analytical solution in the form of Mie series. Being initially formulated for a plane incident wave,
the formalism can be extended to more complex forms of incident illumination. Here we present a fast
calculation approach to address the scattering problem in the case of arbitrary illumination, incident on
a spherical scatterer. This method is based on the plane wave decomposition of the incident illumination
and weighted integration of Mie solutions, rotated to a global coordinate system. Tabulated solutions,
sampled with an accurately level of sparsity, and efficient rotational transformations allow performing
fast calculations on electrically large structures, outperforming capabilities relatively to other numerical
techniques. Our approach is appropriate for real-time analysis of electromagnetic scattering from elec-
trically large objects, which is essential for monitoring and control applications, such as optomechanical
manipulation, scanning microscopy, and fast optimization algorithms.

© 2020 Published by Elsevier Ltd.

1. Introduction

Electromagnetic scattering is one of the most important physi-
cal phenomena, related to many practical applications [1]. For in-
stance, optical imaging systems are typically based on efficient
collection and analysis of scattered light waves. Optomechanical
manipulation is another example, where light induces mechanical
forces on particles via scattering and absorption [2,3].

Comprehensive scattering theory was first introduced by Gustav
Mie in 1908, who analyzed the interaction between spherical parti-
cles and plane incident waves [1,4]. Since then, this formalism has
advanced to more complicated and practical cases (e.g. particles
in an absorbing medium [5], aspherical scatterers [6], anisotropic
particles [7-10], coated spheres [11], and [12] for a recent perspec-
tive review) and nowadays it is routinely used for analysis of nu-
merous Nano photonic scenarios, including optical magnetism [13],
Huygens metasurfaces [14], and other frontier optical devices (e.g.
[15] for a review).

An advanced form of Mie scattering named the generalized
Lorentz-Mie theory (GLMT) [16,17] is based on the method of
separation of variables in a modified coordinate system. Conse-
quently, a linear system that satisfy the Helmholtz equation can
be solved by the above-mentioned modified coordinate system.
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More recently, a different approach was presented by Cui and Han
[18]. According to their study, combination of two advanced com-
putation methods, namely method of moments (MoM) [19] and
finite element method (FEM) [20], provides a generalized rigor-
ous solution for many cases of arbitrary shaped particles and il-
lumination sources. The above-mentioned techniques provide so-
lutions for scattered fields, e.g. in the case of Gaussian beam in-
teraction with a spheroid. However, for every particular phase pat-
tern and particle position, a relatively complicated calculation pro-
cess should be performed, which might require significant compu-
tational efforts. Therefore, applications that require real-time cal-
culations, such as particle tracking, fast changing illumination field,
and others require development of new approaches.

Here, we present a different approach to perform fast and ef-
ficient calculations of scattered fields, resulted from arbitrary inci-
dent phase patterns that illuminate a spherical particle of any size
(not necessarily electrically small). In this method, we generate a
database of scattering solutions. Each element in the data base cor-
responds to a scattering of a plane wave, incoming at a certain
angle and polarization. Hence, instead of calculating a general so-
lution for each case of an arbitrary phase pattern, we perform a
plane wave decomposition of the incoming wave front and retrieve
the multiple Mie solutions (from the above mentioned database)
to each one of the spatial Fourier components. At the next step, all
the contributions are summed up (integrated) with a careful con-
sideration of amplitude, phase, polarization, and propagation direc-
tion in the initial plane wave decomposition.
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The challenge in the proposed technique is that each tilted
plane wave and its corresponding Mie solution is represented
in a different rotated coordinate system. In order to apply the
plane wave decomposition technique, the solutions in the database
should be represented at the same global coordinates system. Mie
solutions are typically given in spherical coordinates, hence a set
of rotations with non-uniform sampling density should be applied.

In the case of electrically small particles, scattered fields are
described by lower order multipoles and are rather smooth, sim-
plifying obtaining a high numerical accuracy with moderately low
computational effort. However, scattered field patterns of electri-
cally large particles introduce fast oscillations in space, requiring
accurate and dense numerical sampling. This problem might be se-
vere in cases where the coordinate system is rotated in different
angles. However, the representations of the rotated coordinate sys-
tem in the global system results in nonlinear changes in the axes
incremental distributions.

In previous Mie studies, choosing a sufficient number of multi-
pole expansion terms, with respect to the size of the particle and
the ratio between the refractive indexes, was thoroughly discussed
(e.g., [21]). Nevertheless, estimating the effect on the overall nu-
merical error due to a limited number of samples (along the spher-
ical coordinate system) has not been accurately studied and will be
shown here to be important in non-paraxial cases.

The manuscript is organized as follows: Section 2 is a brief re-
view of Mie scattering [3] in light of consideration of angular sam-
pling densities and particle sizes. Section 3 presents a method to
calculate the scattered field resulting from a rotated plane wave in
terms of a global system. In Section 4, the plane wave decomposi-
tion based scattering calculation of arbitrary phase distribution is
presented, including analytical overview and simulation results of
a special case of a focused Gaussian beam.

2. Mie scattering of a single incident plane wave

The Mie solution is given in the form of multipole series. Each
term in this expression is described by the vector spherical har-
monics that satisfy Helmholtz equation. As the scatterer gets larger
(relative to the wavelength), and as its refractive index increases
(relative to the surrounding medium), more terms in the multipole
expansion are required for an accurate electromagnetic description.

Higher multipoles have fast oscillating features at the far field.
In other words, scattering problems, involving electrically large
particles, require a denser numerical sampling of the far field.
Sparse sampling density, however, might cause an accumulative
numerical error in estimating different types of observables (e.g.
total electromagnetic field, electromagnetic forces). The subject of
numerical sampling density is particularly important when the in-
cident field has a non-uniform wave front with fast-oscillating fea-
tures. Consequently, exploring the effect of the sampling sparsity
on a range of possible electromagnetic scenarios is valuable.

In this section, we introduce an error estimation method to ad-
dress the influence of the sampling density. For this reason, a stan-
dard Mie solution will be analyzed. Fig. 1 presents the general lay-
out of a scattering problem - a homogenous nonmagnetic spheri-
cal particle with radius a and refractive index np, surrounded by a
uniform medium with refractive index np. The origin of the global
Cartesian coordinate system ry = [x, ¥, ] is located at the center
of the scatterer. The linearly polarized incident plane wave propa-
gates along IA(,,-, which is parallel to z axis. The resulted electric field
and magnetic induction field, denoted by E; and B;, are oriented
along x and y axes, respectively. The orthogonal unit vectors iy, i
and d, represent a spherical coordinate system, in which Mie solu-
tions are presented; ks represents the propagation direction of the
scattered field in every direction. The scattered electric and mag-
netic induction fields are denoted Es and Bs, respectively.

Fig. 1. Geometry of the basic scattering problem - a spherical particle is illuminated
by a plane wave.

.The monochromatic incident field phasors (time dependency is
e~ are given by:

Ei(ki) = Eie"'%

nmE; ~
Bi(k;) = ——e"y (1)
where, k; = A L nmZ, ¢ is the speed of light in vacuum and Aq is the

wavelength in vacuum.
Scattered fields are given by:

elkmr
( rhes: ) —E f(ks,k,)
a A elkmr
B, (r, ks;k,-) _ MmE 'ks X f(RS,k,) , (2)

where k;;, = %nm and r > Ag/np is the distance from the center of

the sphere. The term f(ks, fc,-) is the scattering amplitude, relating
the scattered and the incident fields as follows:

SN 1 & 2n+1 . . R
f(ks,k,-> = i zn: R D) [(anm, + bp ) cosily

— (@nTn + batt)singiy |, (3)
where the a, and b, are the Mie coefficients, the terms #,and
Tpare "angle-dependent functions ” [1]. f(ics, fc,») depends on (6 €
[0, ], € [0, 2mr]), which should be sampled on a finite set of
discrete coordinates. Dividing # and ¢ into a large number of seg-
ments will increase the sampling density, and consequently, will
decrease the accumulated numerical errors. However, in order to
reduce computational efforts (especially relevant to real-time ap-
plications), the sampling density should be reduced and, under cer-
tain circumstances, can affect the results. Hereafter, we will pro-
vide an assessment of the required sampling density, investigating
the conversance of the total scattered power.

The scattering cross-section ( oser) can be calculated in two
ways. The first one is given in a closed form by analytical inte-
gration of spherical harmonics as follows:

N
> @n+1)(|Janf® + [baf?). (4)
n=1

Differential cross-section, on the other hand, is directly derived
from the scattering amplitude:

A | k,)\ , (5)

where dS2 represents a unit solid angle around ks. Integrating the
differential cross-section over all scattering angles will eventually
provide the same expression of o

o)~ § | (k)|
Q

a _ 2
scat — Iz
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ds2. (6)
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Fig. 2. Impact of angular sampling density on Mie scattering. (a-c) Mie coefficients a, and b, for three size parameters (kna = 1, 20, and 50, respectively). Real and imaginary
parts are represented with red and green colors, respectively; (d-f) Normalized scattering amplitudes at E and H planes, as the function of 6 in a logarithmic scale. The
E-plane (green line) and H-plane (red line) represent the scattering amplitudes in ¢ = 0 and %, respectively; (g-i) Relative error in total scattering (7sc, Eq. 8) versus the

size parameter for three sampling density rates L = 128, 256, and 512, respectively.

In terms of discrete representation, following Eq. (6), the scat-
tering cross-section can be written in the form of:

L L
o2 =3 |F(6,. ¢,)| sin(6,) A6 A, 7)
L=1hL=1

where L; and L, are the number of discrete samples along 6 and
@, respectively; Af = IJ-TT and A¢ = 2L—72f are the corresponding sam-
pling densities. For the sake of simplicity, to get an equal sampling
density along 6}, and ¢;,, the relation L, = 2L; = Lis chosen, where
L is the sampling density rate in our notations. From Eq. (4), one
can conclude that regardless of the discretization effects, the scat-
tering cross section as(ga)r is given only by the summation of Mie
coefficients, as long as one is taking into consideration a sufficient

number of multipoles. However, the numerical representation of

the scattering cross-section o,

sampling density. Hence, comparing the numerical oy ;
O—s(c}])t expression provides an efficient numerical error estimation.
The numerical error, derived from the scattering cross-section, is

defined as follows:

(Eq. (7)) is directly affected by the
o) and exact

)

scat
(1)
Oscat

x 100%. (8)

Fig. 2 shows the results of analysis for several sphere’s sizes
(excitation wavelength Ay = 633 nm, surrounding medium is wa-
ter (nm = 1.33), glass particle n, = 1.5). Mie coefficients were cal-
culated for a range of size parameters ky,a € [1, 100], where num-
ber of multipoles (N) increases with respect to kna (Fig. 2 (a-c)).
In Fig. 2 (a-c), three examples of Mie coefficients are plotted, ac-
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cording to kma = 1, 20, and 50, respectively. The corresponding
Mie coefficients a, and b, are presented in Fig. 2. (a-c), where the
number of multiple expansions is N = 5, 30 and 65, respectively.
Negligible magnitudes of Mie coefficients in each case (ay-as and
bz—b5, in Fig. 2(a); ay—0a3g and bzz—b30 in Fig. Z(b), d55—0gs and
bss-bgs in Fig. 2(c)), indicate that a sufficient number of multi-
poles has been chosen (relatively to kna and np). Fig. 2 (e and f)
present the three corresponding scattering amplitudes, where the
green curve represents the distribution in the x-z plane (E-plane),
and the blue curve represents the distribution in the y-z lane (H-
plane). Fig. 2(g-i) present the errors (Eq. (8)) for three different
sampling density rates (L = 128,256, and 512).

In the first example, presented in Fig. 2(a,d), the size of the
sphere’s radius is 8.3 times smaller than the free space wave-
length. As a result, the spatial variation of the scattering amplitude
(Fig. 2(d)) is low, and therefore, the sampling density rate L can be
smaller than 128, while the resulting numerical error 7sc: remains
negligible. In the second case, presented in Fig. 2(b,e), the sphere
radius is 2.4 times larger than the wavelength. In this case a sig-
nificant spatial variation of the scattering amplitude can be noticed
(Fig. 2(e)). According to Fig. 2(h), in order to decrease 7sc to be
lower than 0.5%, L should be larger than 256. In the third example,
the radius is 11.96 times the wavelength, and therefore, the spa-
tial variation is significantly larger than in previous cases (Fig. 2(i)).
Consequently, here L is chosen to be 256 and the numerical error
Nscat Will be almost 1%. Nevertheless, if one desires to decrease the
error beneath 1%, the density rate should be chosen to be higher
(e.g., according to Fig. 2, by choosing L = 512 the resulting nscq is
approximately 0.2%).

3. Rotation of Mie solution in a global coordinate system

An arbitrary illumination can be decomposed into a superposi-
tion of plane waves. A reliable calculation of the scattered field,
in this case, requires adapting Mie solutions for incoming plane
waves propagating in any incident angle and polarization direction.
Weighted summation of these results will provide an accurate so-
lution for the scattering problem.

In order to apply the beforehand discussed superposition prin-
ciple, ‘rotated’ Mie solutions should be represented in terms of to
the same ‘global’ coordinate system (taking into consideration the
polarization state and the incident wavevector). In this case, the
transformation should be performed using spherical harmonics-
based expressions for the multipole decomposition.

Transformations of this kind have been already presented be-
fore, e.g. in a series of five manuscripts by G. Gouesbet et al. [22-
26]. Specifically, the tilted incidence is treated in [25]. This ap-
proach considers the plane wave as a special case of on-axis beams
with cylindrical symmetry. The beam shape coefficients (used in
the above mentioned GLMT studies [16,17]) is then modified by
the tilting angles. As a result, the mathematical expression for
the transformation is complicated and requires additional calcula-
tions. For example, in order to modify the above mentioned angle-
dependent functions (presented if Eq. (3)), taking into considera-
tion the arbitrary beam shape, additional contributions of the Leg-
endre functions presented in [25] are required, which might cause
the data processing to be less effective, in terms of duration of
processing, compared to the simple case of the Mie calculation
presented before. In this section, we will provide a numerical ap-
proach for the above-mentioned scattering problem of a rotated
incident plane wave, where the solution will be given in terms of
the unrotated global system. The analytical expression is similar to
the basic case of Mie scattering without any use of the beam shape
coefficients, required in the GLMT. In addition, by using the error
estimation technique, we can estimate the impact of the sampling

densities, which will be shown to play a significant roles in the
case of large tilting angles.

Fig. 3 resembles the scenario, presented in Fig. 1, while the inci-
dent wave comes with an angle. In order to describe the scattering
problem in a global coordinate system, three Euler angles o, 8, y
are defined. The global system r, is the one, considered in Fig. 1.
The coordinates x’y’,z’ form an intermediate system, accounting for
rotations «, B [Fig. 3(a)]. The system x”,y”",z", denoted #,, is the ro-
tated system resulted by the rotations «, 8 and the tilt y along
z’' due to the new polarization orientation. The propagation direc-
tion I?,- is oriented along z”, where E; and B; are along x” and y”,
respectively.

In Fig. 3(b), similar to the previous section, the scattered field is
described by spherical coordinates that can be related to the global
system 1, by [, 6, ¢]; or can be given in terms of #, by [r, 4, @].

As it was mentioned before, the solution in r, system is more
complicated than #,, coordinates, where the later is the Mie scat-
tering case shown in the previous section. Therefore, in this sec-
tion, we will relate the mathematical expression to the global
system r,, while maintaining the simplicity provided by solving the
problem relatively to the rotated system #,. In other words, the fi-
nal solution will be given in terms of r,, but the calculations will
be based on #,. In order to do so, the variables §, ¢ and 6, ¢ will
be associated by the Euler angles «, 8, y.

The unit vector iy, (6, ¢) = sinfcosily + sinGsingily + cosOii,
represents an arbitrary direction in terms of r,. The transforma-
tion matrix A (is given in the appendix) provides the expression of
vector iy, (0, ¢) in terms of 1, as follows:

0, (6. ¢) = A(a, B.y) - T, (0, @). 9)

Next, the angles 8, ¢, can be expressed by the following geo-
metrical relations:

6(0.p:a. B.y) = acos(ii, (6. ¢) - 2"). (10)

qS(G,gb;a,ﬂ,y):atan(W). (11)

7, (0. 6) %

Following Egs. (9)-(11), the scattering amplitude can now be
calculated in the global coordinate system.

In order to underline the nonlinear nature of the transforma-
tions (Eqs. (10) and (11)), a special case of rotation along x axis
will be considered.

Fig. 4(a-c) are the colormaps of (0, ¢) for =0, 5. %, re-
spectively, whereow = y = 0. Fig. 4(d,e) show two cross sec-
tions of the transformations, along the vertical planes ¢ = £ and
¢ = 197, and clearly show the nonlinearity on the transformation.

Fig. 5 shows three scattering amplitudes (normalized, in loga-
rithmic scale) for different incident angles, chosen to present the
data in Fig. 4. The particle’s size parameter is kna = 5 (n, = 1.5,
nm = 1.33). According to the results (presented in Fig. 5) one cane
realized the rotation of the scattering amplitude with the incident
angle, as expected, verifying the of the applied set of transforma-
tions.

According to Fig. 5, one can realize that with the increasing in
the angle B, the corresponded scattering amplitude distributions
are changed in both orthogonal planes ¢ = 0° and ¢ = 90° (i.e.
z-x and z-y planes), represented by the green and red lines, re-
spectively. Additionally, in ¢ = 90°, the symmetry breaks, where
the forward scattering directions is tilted according to the angle 8.
Nonlinearity of angular (Egs. (10) and (11)) affects the sampling
distributions A and Ag, which are no longer uniform. How-
ever, using the error estimation presented in the previous sec-
tion, one can straightforwardly calculate the error with respect
to the change in the Euler angles. Following Eq. (8), we calcu-
lated nsqr with respect to different rotations along the x axis,
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Fig. 3. Geometry of the scattering problem with a tilted incoming plane wave. (a) the incoming plane wave that propagates along the intermediate and the rotated systems
with associated Euler angles; (b) the relation between the spherical coordinates, the unrotated system ry and the rotated system .
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Fig. 4. Color map of (6, ¢). (a) the incident wave is parallel to the global system; (b,c) the incident wave is tilted in £ and % along x, respectively. (d,e) two cross-sections
along 0.5 and 1.9 (denoted a;5, by, and ¢y, respectively), corresponded to the distributions presented in (a-c).

i.e.a = y = 0, where f is varied. In addition, the sampling density
rate is L = 64,128,256, and 512.

Fig. 6(a) shows the numerical error for several sampling densi-
ties and underlines the impact of the transformation on the accu-
racy. It can be seen that the numerical error grows with increasing
the angle of incidence in respect to the optical axis (Fig. 3) and
become quite significant in cases where extremely high numeri-
cal apertures are required. Furthermore, increasing the size of the
particles leads to appearance of fast-oscillating features, which can
be distorted by the rotation. Fig. 6(b) demonstrates this effect by
analyzing the numerical arrow for four different four size param-
eters kma = 0.1, 2.5, 5and 10 (the sampling density rate here is
L = 512).

4. Scattering of an arbitrary incident waveform

In this part we will present an efficient numerical approach to
calculate the scattering for an arbitrary wave front. The illustration
shown in Fig. 7, describes a special case of a focused linearly po-
larized Gaussian beam.

Incident beam in the spatial frequency domain (also known as
the k space) is represented as follows:
E(k) = /Ei(rt)exp(—ikt~rt)d2rt, (12)
where, r; =xX+yy is the transverse space located at the center
of the particle; k; = kxX + kyy is the transverse spectral wavenum-
ber corresponded to r¢, such that k; o r = nn(ke + kyy); the
tilde sign (~) denotes a Fourier transformed quantity. The resulted
E;(k;) consists of multiple plane waves, each of which is oriented
and linearly polarized in different direction and can have an addi-
tional phase factor. Three Euler angles (shown in Fig. 3, Section 3)

are needed for a complete representation. Following the plane
wave decomposition method presented in [27], any given plane
wave can be represented by a superposition of Transverse-Electric
(TE) and Transverse-Magnetic (TM) components (represented by
I::i(TE)and Ei(TM), respectively) as follows:

Ei(ke) = E™P i) + ET™E (k). (13)

The unit vectors fi(k;) and f(k;) represent the normal and
transversal directions, relatively to the plane of incident:
. 1 A R k, o R ke .
fi(lk;) = E(lcyx - kxy), tk) = m(kxx + kyy) - Ez,

where, kr = \/kg + kj and k; = \/ka, — (k§ + kj).

The magnitudes Ei(TE) and Ei(TM) can be calculated by a scalar
multiplication as follows:

P DA
E™ = Eitke) (k) = - (kyEix — knFy)

& (TM r Y 1 r r
E™ — E(le) -t (k) = @(kXEiXJF kyE).

(14)

(15)

Once the TE-TM ratio and the propagation orientation in the
spatial frequency domain are known (Eq. (15)), three Euler angles,
corresponding to k; can be extracted as follows:

acos(kz)
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o
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Fig. 5. Plots of the scattering amplitude versus the angle 6 for three different incident angles 8 =0, %, %: (al-c1) polar representation along H-plane; (a2-c2) polar
c4) two dimensional plot along E-plane.

representation along E-plane; (a3-c3) two dimensional plot along H-plane; (a4 -
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Fig. 7. Geometry of a general scattering problem.

According to Egs. (10) and (11), presented in Section 3, the
warped angles 6 and qS can now be determined for every k,ky, ac-
cording to Eq. (16).

Next, according to Eqgs. (2) and (3) (presented in Section 2),
for any incoming plane wave (in the spatial frequency do-
main) the resulted scattered electric and magnetic fields Es(k:),
ll;’s(kt) can be calculated in respect to the input argument
00, p;a(ke), Bke), v (k) and @ (0, ¢; a(ke), Bke), v (ke))

Finally, applying inverse Fourier transform enables to derive the
scattered fields of the arbitrary incident wave front, denoted EX*
and B, respectively:

E (1) = e""(”"”” D [ E ko f (0. 6).1(0.6))
exp(zkt ro)d keke,
DU [R(0.8) x Exte) £ 0e(0.6). (0. 9))

cQm)’r
exp (ik; - 19)d?kek;.

BY (rg) =

(17)

[0, 45°].

To implement a numerical calculation, the space k; is dis-
cretized by k; = —K;,., 0, .y and k, = —Kj,.., 0, ..Ky, where
Kq1,Ky < km represent the maximal frequency along the horizon-
tal and vertical directions in the spatial frequency domain, re-
spectively. The FT is implemented by a Discrete Fourier Trans-
form (DFT), for example [28], where the scaling factor (depen-
dent by Ay and ny;) is taken into consideration. Once the parame-
ter size and the medium are known, a set of scattering amplitudes,
denoted f(6},.¢y,: ky.kz), corresponded to the arbitrary E;(k;. k;)
can be calculated and saved to a generalized scattering amplitudes
database. Next, according to the inverse FT presented in Eq. (17),
the resulted scattered fields can be integrated as follows:

ikmT) ~ =
B (rg) = ZPUKnD) S E e ko F (6 b ki K
s (1) P~ k]X:kz i((k1, k2)) F (O, 1, K ka)
Ak Ak,
" ~ 3
B (ry) = SXPWKn) SR (01 6) x Ex((ka. ko))

2
c2m)r ko K

f(el1 RSN kz)AklAkz ,
(18)

where, Ak; = 2K;/M and Ak, = 2K;/N is the sampling density at
the spatial domain. M and N represent the amount of pixels along
the horizontal and vertical dimensions, respectively.

By doing so, for every arbitrary phase pattern, the DFT can
be calculated and multiplied by the generic scattering ampli-
tude f(9,1,¢,2;k1,k2), which is not dependent by the incident
phase pattern or its polarization. In other words, the scattering
amplitude, which is dependent by the arguments ky,ky can be re-
trieved from a scattering amplitude database that was calculated
in advance and is needed to be calculated only once.

The example, presented in Fig. 8 demonstrates the above men-
tioned special case of a focused Gaussian beam linearly polarized
along x direction, with a wavelength of Ay = 1 um and three dif-
ferent cases of beam waists, wg = 1, 5and 10 um. The discrete
space consists of N = M = 65 pixels with a pixel size of Ay/25.
The refractive index of the sphere is n, = 1.5 and it is surrounded
by air (nn = 1). Moreover, the corresponded spatial frequency (k-
space) is limited by K; = K, = 0.05kp,. In other words, the maximal
B angle involved in the integration is Bmax = 4.05° .
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Fig. 8. Scattering of a Gaussian beam on a dielectric sphere the scattering amplitude as a function of 6. polar representation at the E and H plane and their two dimensional
corresponded plots. (a-d) waist radius of 10 um; (e-h) waist radius of 5 pm; (i-1) waist radius of 1 pm.

Nscat ( kx: ky)

O,
0
W,

K/ 40 Kn/40 ky

Knf20

Fig. 9. scattering error; (a) tree dimensional mesh of 74 versus ky and ky.

From Fig. 8(a-d), one can realize that a beam waist, which is
20 times larger than the sphere’s radius, is resulting in a scatter-

ing amplitude (represented by the solid line) that is identical to
the scattering amplitude corresponded to an equivalent plane wave
(represented by the dashed line) that is based on the same physical
conditions (e.g. wavelength, refractive index of the medium). How-
ever, the smaller the waist (i.e. closer to the size of the spherical
scatterer) additional spectral frequencies are becoming increasingly
dominant.

In the previous sections we presented a technique to esti-
mate the numerical error resulted by the limited sampling den-
sity. In particular, in Section 3 we have analyzed the effect oc-
curring due to the change in the field orientation relatively to the
global system. The scattering error for different angles of incidence
Nscat(kx.ky) In Fig. 9, one can realize that the maximal error occurs
in the maximal spectral frequencies, where k; = K, = 0.05k (cor-
responding to Bmax = 4.05°) is approximately 1.4%.

5. Outlook and conclusions

A problem of arbitrary wave front scattering from a sphere have
been considered. Unlike the GLMT, where the scattering is calcu-
lated by the beam shape coefficient for each phase pattern (in-
cluding tilted plane wave) in a different modified coordinate sys-
tem, our approach is based on retrieving the data form an existing
data base of Mie solutions. We perform a plane wave decomposi-
tion of the incident illuminations and apply a set of rotations to
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bring a weighted sum of Mie solutions (each one corresponds to
a certain incident plane wave with its own phase and amplitude)
to a global coordinate system. This method provides a significant
computational advantage to address any incident waveform in a
fast and efficient way.

A natural use case for the proposed technique is when real-
time calculations of scattering problems are needed. Possible ap-
plications include scanning microscopy with focused beams [29],
dynamic structured illumination-based imaging systems [30] and
many others. Another example is holographic optical tweezers [31],
where real-time arbitrary phase patterns are used to control par-
ticle’s motion. Systems with active control require obtaining real-
time feedback [32], based on solution of scattering problem from
a moving particle [33,34], the electromagnetic forces and is based
on the scattered field, can be easily calculated and updated in real
time.
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Appendix A

In general, the rotation matrix A(a, 8, ) can be represented by
the following nine components as follows

~ 1‘:\11 512 /‘313
Al.B.y)=|An An Ay (A1)
A3 A3z Az

where each of the component is given by the Euler angles

Ay = cos(y)cos(B)

A1z = sin(y)sin(a)cos(B) — cos(y)sin(B)

A3 = cos(y)sin(a)cos(B) + sin(y )sin(B)

Ay = cos(a)sin(B)

Ay = sin(y)sin(a)sin(B) + cos(y )cos(B) (A2)
Ay3 = cos(y)sin(a)sin(B) — sin(y )cos(B)

A3z = —sin (a)

sin(y )cos(a)

A3z = cos(y)cos(at)

>
[ 3]
w
|

oY
w
N

Il

CRediT authorship contribution statement

Yuval Kashter: Conceptualization, Data curation, Formal anal-
ysis, Investigation, Methodology, Validation, Visualization, Writing
- original draft, Writing - review & editing. Eran Falek: Data cu-
ration, Formal analysis, Validation, Writing - review & editing.
Pavel Ginzburg: Data curation, Formal analysis, Funding acquisi-
tion, Project administration, Resources, Supervision, Validation, Vi-
sualization, Writing - review & editing.

References

[1] Bohren CF, Huffman DR. Absorption and scattering of light by small particles.
Wiley; 1983.

[2] Ashkin A. Acceleration and trapping of particles by radiation pressure. Phys
Rev Lett Jan. 1970;24(4):156-9.

[3] PH. Jones, O.M. Marago, and G. (Physicist) Volpe, Optical tweezers : principles
and applications.

[4] Mie G. Beitrdge zur Optik triiber Medien speziell kolloidaler Goldlésungen
(contributions to the optics of diffuse media, especially colloid metal solu-
tions). Ann Phys 1908;25:377-445.

[5] Fu Q, Sun W. Mie theory for light scattering by a spherical particle in an ab-
sorbing medium. Appl Opt Mar. 2001;v0l.40(9):1354-61.

[6] Latimer P. Light scattering by ellipsoids. ] Colloid Interface Sci Oct.
1975;53(1):102-9.

[7] Geng Y-L, Wu X-B, Li L-W, Guan B-R. Mie scattering by a uniaxial anisotropic
sphere. Phys Rev E Nov. 2004;70(5):056609.

[8] Stout B, Neviére M, Popov E. Mie scattering by an anisotropic object part I
homogeneous sphere. ] Opt Soc Am A May 2006;23(5):1111.

[9] Noskov RE, Shishkin II, Barhom H, Ginzburg P. Non-Mie optical resonances in
anisotropic biomineral nanoparticles. Nanoscale 2018;10(45):21031-40.

[10] Barhom H, et al. Biological kerker effect boosts light collection efficiency in
plants. Nano Lett Oct. 2019;19(10):7062-71.

[11] Kaiser T, Schweiger G. Stable algorithm for the computation of Mie coeffi-
cients for scattered and transmitted fields of a coated sphere. Comput Phys
1993;7(6):682.

[12] Tzarouchis D, Sihvola A. Light scattering by a dielectric sphere: perspectives
on the Mie resonances. Appl Sci Jan. 2018;8(2):184.

[13] Kuznetsov Al, Miroshnichenko AE, Fu YH, Zhang ], Luk’yanchuk B. Magnetic
light. Sci Rep Dec. 2012;2(1):492.

[14] Chen M, Kim M, Wong AMH, Eleftheriades GV. Huygens’ metasurfaces from
microwaves to optics: a review. Nanophotonics Jun. 2018;7(6):1207-31.

[15] Kivshar Y, Miroshnichenko A. Meta-Optics with Mie resonances. Opt Photonics
News Jan. 2017;28(1):24.

[16] Lock JA, Gouesbet G. Generalized Lorenz-Mie theory and applications. J. Quant.
Spectrosc Radiat Transf 2009;110:800-7.

[17] Gouesbet G. Generalized Lorenz-Mie theories, the third decade: a perspective.
J Quant Spectrosc Radiat Transf 2009;110:1223-38.

[18] Cui Z, Han Y. A review of the numerical investigation on the scattering of
Gaussian beam by complex particles. Phys Rep 2014;538:39-75.

[19] Harrington Roger F. Field computation by moment methods. Wiley-IEEE Press;
1993

[20] Jian-Ming Jin. The finite element method in electromagnetics. John Wiley &
Sons; 2015.

[21] Wiscombe  WJ.
1980;19(9):1505-9.

[22] Gouesbet G, Wang JJ, Han YP. Transformations of spherical beam shape co-
efficients in generalized Lorenz-Mie theories thorugh rotations of coordinate
systems. L. General formulation. Opt Commun 2010;283:3218-25.

[23] Gouesbet G, Wang JJ, Han YP. Transformations of spherical beam shape co-
efficients in generalized Lorenz-Mie theories thorugh rotations of coordinate
systems. II. Axisymeetric beams. Opt Commun 2010;283:3226-34.

[24] Gouesbet G, Wang ]J, Han YP. Transformations of spherical beam shape co-
efficients in generalized Lorenz-Mie theories thorugh rotations of coordinate
systems. III. Special values of Euler angles. Opt Commun 2010;283:3235-43.

[25] Gouesbet G, Wang JJ, Han YP. Transformations of spherical beam shape co-
efficients in generalized Lorenz-Mie theories thorugh rotations of coordinate
systems. IV. Plane waves. Opt Commun 2010;283:3244-54.

[26] Gouesbet G, Wang JJ, Han YP. Transformations of spherical beam shape co-
efficients in generalized Lorenz-Mie theories thorugh rotations of coordinate
systems. V. Localized beam models. Opt Commun 2011;284:411-17.

[27] Melamed T. TE and tm beam decomposition of time-harmonic electromagnetic
waves. ] Opt Soc Am A 2011;28(3):401-9.

[28] Wang Z. Fast algorithms for the discrete W transform and for the discrete
Fourier transform. [EEE 1984;ASSP-32(4):803-16.

[29] Disaspro A. Confical and two-photon mircoscopy: foundations, aplications and
advances. Wiley; 2001.

[30] Gustafsson MGL. Nonlinear structured-illumination microscopy: wide-field flu-
orescence imaging with theoretically unlimited resolution. Proc Natl Acad Sci
USA 2005;102:13081.

[31] Grier DG, Roichman Y. Holographic
2006;45(5):880-7.

[32] Righini M, Volpe G, Girard C, Petrov D, Quidant R. Surface Plasmon Optical
Tweezers : Tunable Optical Manipulation in the Femtonewton Range. Phys-
RevLett 2008;100(18):8-11 186804.

[33] Ivinskaya A, et al. Optomechanical manipulation with hyperbolic metasurfaces.
ACS Photonics Nov. 2018;5(11):4371-7.

[34] Shalin AS, Sukhov SV, Bogdanov AA, Belov PA, Ginzburg P. Optical pulling
forces in hyperbolic metamaterials. Phys Rev A Jun. 2015;91(6):063830.

Improved Mie scattering algorithms. Appl Opt

optical trapping. Appl Opt


http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0001
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0001
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0001
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0002
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0002
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0003
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0003
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0004
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0004
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0004
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0005
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0005
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0006
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0006
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0006
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0006
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0006
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0007
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0007
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0007
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0007
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0008
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0008
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0008
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0008
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0008
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0009
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0009
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0009
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0010
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0010
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0010
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0011
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0011
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0011
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0012
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0012
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0012
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0012
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0012
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0012
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0013
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0013
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0013
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0013
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0013
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0014
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0014
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0014
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0015
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0015
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0015
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0016
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0016
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0017
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0017
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0017
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0018
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0018
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0019
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0019
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0020
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0020
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0021
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0021
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0021
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0021
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0022
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0022
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0022
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0022
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0023
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0023
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0023
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0023
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0024
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0024
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0024
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0024
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0025
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0025
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0025
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0025
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0026
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0026
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0027
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0027
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0028
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0028
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0029
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0029
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0030
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0030
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0030
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032s
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032s
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032s
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032s
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032s
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032s
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0031
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0031
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0031
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032
http://refhub.elsevier.com/S0022-4073(20)30067-4/sbref0032

	Efficient computation of arbitrary beam scattering on a sphere
	1 Introduction
	2 Mie scattering of a single incident plane wave
	3 Rotation of Mie solution in a global coordinate system
	4 Scattering of an arbitrary incident waveform
	5 Outlook and conclusions
	Declaration of Competing Interest
	Appendix A
	CRediT authorship contribution statement
	References


